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We propose a new correlated topological state which we call a higher-order topological Mott
insulator (HOTMI). This state exhibits a striking bulk-boundary correspondence due to electron
correlations. Namely, the topological properties in the bulk, characterized by the Z3 spin-Berry
phase, result in gapless corner modes emerging only in spin excitations (i.e., the single-particle
excitations remain gapped around the corner). We demonstrate the emergence of the HOTMI in a
Hubbard model on the kagome lattice, and elucidate how strong correlations change gapless corner
modes at the noninteracting case.
Introduction.– The discovery of topological insula-
tors/superconductors has opened a new field of study
in condensed matter physics [1–5]. A remarkable phe-
nomenon of these states is the bulk-edge correspon-
dence [6, 7]; because of the topological properties in the
d-dimensional bulk, gapless edge states emerge around
d− 1-dimensional boundaries of the system which result
in the quantized electron-magnetic responses [1, 8] and
the emergence of Majorana fermions [9–14]. So far im-
pacts of correlation effects on topological states have been
addressed as one of the significant issues of this field [15–
21]. As the results of extensive studies, a variety of new
phenomena have been reported which are induced by cor-
relation effects on the gapless boundary states. For ex-
ample, electron correlations may change the topological
classification [22–35] which plays an important role for
material searching. Furthermore, correlation effects in-
duce the so-called topological Mott insulating state where
systems show Mott physics only around the edges with
maintaining nontrivial properties in the bulk [36–40].
Along with the above significant progress of cor-
related topological phases, new classes of topological
insulators/superconductors have been proposed which
are referred to as higher-order topological insula-
tors/superconductors [41–47]. These phases exhibit the
characteristic bulk-boundary correspondence; topologi-
cal properties in the d-dimensional bulk predict gapless
charge excitations around d − 2- or d − 3-dimensional
boundaries, while gapless charge excitations are absent
around d − 1-dimensional boundaries. Recent theoret-
ical and experimental studies elucidate that the above
higher-order bulk-edge correspondence is ubiquitous phe-
nomenon; it can be observed for a variety of materi-
als [48–51]. For instance, hinge states are observed for
a hexagonal pit on a bismuth (111) surface [48]. In
addition, Majorana corner states are theoretically pro-
posed for an ordinary two-dimensional topological insu-
lator proximity to a cuprate superconductor [50].
The above recent progresses lead us the following cru-
cial question: what is the impact of electron correlations
to higher-order topological phases? Correlation effects of
boundary modes have recently addressed based on a field
theory [52]. We would like to stress however that sys-
tematic analysis both for the bulk and boundaries may
elucidate new topological states which is significant but
still missing.
In this paper, we explore correlated systems from the
above higher-order perspective. Our systematic analy-
sis both for the bulk and boundaries discovers a novel
topological state, a higher-order topological Mott insu-
lator (HOTMI ), which exhibits a novel bulk-boundary
correspondence due to electron correlations. Namely, in
contrast to the above mentioned higher-order topologi-
cal insulators for free-fermions, the topological proper-
ties in the d-dimensional bulk do not induce the gapless
charge excitations. Instead, the bulk nontrivial proper-
ties result in gapless spin excitations around the d−2- or
d−3-dimensional boundaries. Our exact diagonalization
analysis verifies the emergence of HOTMIs in a Hubbard
model on the kagome lattice. Specifically, our systematic
numerical simulation elucidates that the system possesses
topologically nontrivial properties characterized with the
spin Z3-Berry phase. Correspondingly, the system hosts
gapless spin excitations around the corner while correla-
tions effects destroy the gapless charge excitations. The
above behaviors are also confirmed by analyzing an ef-
fective Hamiltonian for the strongly correlated limit.
Model and topological invariant.– Let us begin by de-
scribing our model and introducing the Z3 spin-Berry
phase. We consider the system of spinful interacting elec-
trons on the kagome lattice [53–61]. The Hamiltonian is
given by
H = H4kin +H
5
kin +Hint, (1a)
with
Hγkin = tγ
∑
i,j∈γ
∑
α,β=↑,↓
c†iασ
z
αβcjβ + h.c., (1b)
Hint = U
∑
i
(
ni↑ − 1
2
)(
ni↓ − 1
2
)
. (1c)
Here, γ = 4 or 5, niα = c†iαciα, c†iα (ciα) is the cre-
ation (annihilation) operator on site i with spin α =↑
or ↓, and i, j ∈ 4(5) indicates the summation over the
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2nearest-neighbor pairs i < j belonging to upward (down-
ward) triangles. We parametrize the hopping parameters
as t4 = t sinφ and t5 = t cosφ with 0 ≤ φ ≤ pi/2, and
suppose the relations 0 ≤ U and 0 < t. Since the phase
of the hopping is spin-dependent, time-reversal symmetry
is broken while the system preserves U(1) spin-rotational
symmetry. In the following, we focus on the system at
half-filling [62]. We note that the spin-dependent hop-
pings play an essential role in realizing the gapped phase
for the half-filled noninteracting system. In Fig. 1(a),
we show a sketch of the system with NUC = 10 under
the open boundary condition (OBC), where NUC is the
number of the unit cells.
To characterize the bulk topological properties, we in-
troduce the spin-Berry phase that is the spin counter-
part of the Z3 topological invariant [41, 63]. Firstly,
we define the spin-Berry connection whose integral cor-
responds to Z3 spin-Berry phase. The spin-Berry con-
nection is defined as A−(~θ) = 〈G−(~θ)|dG−(~θ)〉. Here,
|G−(~θ)〉 denotes the ground state of the modified Hamil-
tonian by a so-called local gauge twist which is de-
fined as follows. We pick up a specific downward tri-
angle, which includes the sites 1, 2, 3, and rewrite the
Hamiltonian H5kin as U−(~θ)H
5
kinU
†
−(~θ) with ~θ := (θ1, θ2),
U−(~θ) = ein
−
1 θ1e−in
−
2 θ2 , and n−j = nj↑ − nj↓. With the
spin-Berry connection A−, the Z3 spin-Berry phase is
defined as
γ− =
1
i
∫
C
A−. (2)
Here, C represents the following path of the integral: ~θ =
~f(t) (0 ≤ t ≤ 1) with ~f(t) = 2pi(t, t) for 0 ≤ t < 1/3 and
~f(t) = 2pi(t, 1/2 − t/2) for 1/3 ≤ t ≤ 1. To numerically
compute the integral, we apply the method proposed in
Ref. 64. This topological invariant is well-defined even
if the system is interacting. The C3 symmetry in the
system brings its quantization as γ− = 2pin/3 with n =
0, 1, 2.
Overview of numerical results.– Before entering upon
detailed discussions, let us overview our numerical re-
sults.
Firstly, we summarize the behaviors of noninteracting
case [41, 65]. For U/t = 0, our model provides three
phases: (i) a HOTI phase with γ− = 2pi/3 for 0 ≤
t4/t5 < 1/2, (ii) a metallic phase for 1/2 ≤ t4/t5 ≤ 2,
and (iii) a trivial phase with γ− = 0 for 2 < t4/t5 <∞.
The topological properties in the bulk for phase (i) re-
sult in gapless excitations for the single-particle spectrum
around the corners. The average magnetization per unit
cell is one-half in the gapped phases, (i) and (iii), which
arises from the absence of time-reversal symmetry (for
more details, see Sec. S1 of Supplemental Material [66]).
The interplay between correlation effects and the topo-
logical properties induces the HOTMI exhibiting a novel
bulk-boundary correspondence. In contrast to the non-
t4
t5t
 
(a) (b)
t4
t5
FIG. 1. (a) Sketch of the kagome lattice with NUC = 10 and
the boundary condition. Blue and red bonds represent nearest
neighbor hoppings t4 and t5, respectively. (b) 〈S2i 〉 − 〈S2i 〉0
computed by the Lanczos method for NUC = 6, t4/t5 = 0.4.
In panel (b), the calculated value is represented by the radius
of the spheres which is obtained under the OBC. The spin
operator can be rewritten as S2i = 3(ni↑ + ni↓ − 2ni↑ni↓)/4.
interacting case, the topological properties are not re-
flected in the single-particle excitations; introducing the
Hubbard interaction destroys gapless excitations for the
single-particle spectrum. Instead, the bulk-nontrivial
properties result in the gapless spin excitations around
the corners. Figure 1(b) supports the above behav-
iors. This figure shows the spin expectation value 〈S2i 〉−
〈S2i 〉0 [67] at each site under the OBC for t4/t5 = 0.4
and NUC = 6. Here, 〈·〉 and 〈·〉0 refer to the expecta-
tion values with respect to the ground state multiplet for
U/t = 1 and U/t = 0, respectively. In Fig. 1(b), we can
see that localized free-spins emerge only around the cor-
ners. This figure indicates the presence of gapless corner
modes in the spin excitation spectrum due to the Mott
behaviors occurring only around the corners.
In the following, we systematically analyze the system
for the bulk and boundaries in order to verify the HOT-
MIs for the kagome Hubbard model.
Strong correlation limit.– As a first step, we analyze
the kagome-Hubbard model in a strongly correlated limit
t/U  1. In this limit, electrons are completely localized
in the entire system. However, we can still discuss the
presence/absence of gapless spin excitations around the
corners which are induced by the bulk-topological prop-
erties.
Based on the standard perturbation analysis for de-
generated systems, we obtain the following effective spin
model (see Sec. S2 of Supplemental Material [66]),
Heff = H
(2)
4 +H
(2)
5 +H
(3)
4 +H
(3)
5 , (3a)
with
H(2)γ = J
(2)
γ
∑
i,j,k∈γ
(
−1
2
S2ijk + S
z 2
ijk +
3
8
)
, (3b)
H(3)γ = J
(3)
γ
∑
i,j,k∈γ
Szijk
(
−3S2ijk + 4Sz 2ijk +
9
4
)
. (3c)
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FIG. 2. Numerical results for the spin model (3). (a) Sztot of
the ground state as a function of φ and J(3)/J(2). (b) Spin-
Berry phase γ− of the ground state for J(3)/J(2) = 0.1 as a
function of φ. The gray region in panel (b) indicates that
Sztot of the ground state is not NUC/2 = 4.5. The system is
periodic and its size is NUC = 3× 3 for panels (a) and (b).
Here, J
(n)
4 = J
(n) sinn φ, J
(n)
5 = J
(n) cosn φ, J (n) =
4tn/Un−1, Sijk = Si + Sj + Sk and i, j, k ∈ 4(5) indi-
cates the summation over three sites i < j < k composing
upward (downward) triangles. H
(2)
γ and H
(3)
γ correspond
to the second- and third-order-term, respectively. In the
absence of the third-order terms, the system is reduced to
a spin system of the XXZ-interaction. The XXZ model
preserves the time-reversal symmetry while the original
Hamiltonian H does not. In order to remove the artifi-
cially produced symmetry, the third-order perturbation
is necessary.
The presence of H
(3)
γ is also essential for the bulk
gap. To demonstrate it, let us analyze the cases for
φ = 0 or pi/2 where the system is reduced to three-
site problems under the periodic boundary condition
(PBC). When the effective model includes only H
(2)
γ ,
the Kramers pair |S123 = 3/2, Sz123 = ±1/2〉 is realized
as the ground state on three sites, which results in the
macroscopic degeneracy in the bulk system. Introduc-
ing H
(3)
γ breaks the time-reversal symmetry and lifts this
Kramers degeneracy, which result in the unique ground
state |S123 = 3/2, Sz123 = 1/2〉. This concise analysis sug-
gests the emergence of the bulk gap even if the system
is not completely decoupled (0 < φ < pi/2) unless the
energy gap associated with the above three-site problem
is vanishing. Figure 2(a) supports the presence of the
bulk gap. In this figure, the ground state magnetization
Sztot is plotted against φ and J
(3)/J (2) = t/U . We remind
that U(1) spin-rotational symmetry is preserved allowing
us to label the energy eigenstates with Sztot. Figure 2(a)
shows that the ground state with Sztot/NUC = 1/2 ex-
tends to a finite range of φ, indicating that the energy
gap observed for three-site problem remains finite. The
energy eigenvalues as a function of φ is plotted in Sec. S3
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FIG. 3. Numerical results for the spin model (3). (a) Energy
spectra E/J(2) as functions of φ. (b) Energy spectra E/J(2)
at tanφ = 0.5 for each value of p, where p is the number of
removed sites. Panels (a) and (b) are obtained for NUC = 10
and J(3)/J(2) = 0.1 under the OBC. Only four lowest energies
in the subspace specified by Sztot are shown here. The black
lines in panel (a) express the energy for Sztot < −1 or 6 < Sztot.
The dashed line in panel (a) represents tanφ = 0.5.
of Supplemental Material [66] which directly supports the
presence of the bulk gap.
Based on the result that the gap is finite in the region
of Sztot = 4.5 [see Fig. 2(a)], let us discuss the topolog-
ical properties of the ground state with Sztot = NUC/2.
Figure 2(b) plots its γ− for J (3)/J (2) = 0.1 as a func-
tion of φ. The result indicates that the gapped phase for
0 ≤ φ . pi/4 is characterized with γ− = 2pi/3 while the
one for pi/4 . φ ≤ pi/2 is characterized with γ− = 0. Be-
cause the gap remains finite in the yellow-colored regions
in Fig. 2(a), we can characterize the topology of these
gapped phases as summarized in this figure. We note here
that the local gauge twist U−(~θ)H
5
kinU
†
−(~θ) defined in the
Hubbard model is modified as Ueff(~θ)(H
(2)
5 +H
(3)
5 )U
†
eff(
~θ)
for the effective model, where Ueff = e
2iSz1θ1e−2iS
z
2θ2 . The
Z3 spin-Berry phase predicts to which decoupled limit
(φ = 0, pi/2) a gapped phase is adiabatically connected.
So far, we have elucidated the topological properties
in the bulk. In order to verify a novel bulk-boundary
correspondence, we here analyze the systems under the
OBC [Fig. 1(a)]. In a similar way as the previous case, we
start with the cases of φ = 0 and pi/2 where the system
is reduced to three-site problems. At φ = 0, the coupling
for upward triangle is zero (H
(2)
4 = H
(3)
4 = 0). Besides
the trimer in the bulk, we can see the dimers for the
one-dimensional edges due to the XXZ-spin interaction
(H
(2)
5 ). Furthermore, we can observe three free-spins on
corners which are clearly gapless. These free-spins result
in eight-fold degeneracies of the ground states for the
OBC. At φ = pi/2, the coupling for downward triangle
is zero (H
(2)
5 = H
(3)
5 = 0). In this case, the system
is composed only of trimers so that the ground state is
unique.
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FIG. 4. Numerical results for the Hubbard model (1). (a)
Sztot of the ground state as a function of φ and t/U . (b)
Charge gap ∆c and spin gap ∆s for t4/t5 = 0.4 as functions
of U/t. (c) Spin-Berry phase γ− for t4/t5 = 0.4 as functions
of U/t. (d) Charge gap ∆c and spin gap ∆s as functions of
U/t. Panels (a), (b), and (c) are obtained for NUC = 2 × 2
under the PBC. Panel (d) is obtained for NUC = 6 under the
OBC.
To demonstrate the existence of this bulk-boundary
correspondence at the other φ, we show in Fig. 3(a) the
φ dependence of the energy E/J (2) for J (3)/J (2) = 0.1
under the OBC with NUC = 10 [see, Fig. 1(a)]. For
0 ≤ φ . pi/2 (pi/4 . φ ≤ pi/2), the eight-fold degenerate
(unique) ground state is observed. To demonstrate that
the 8-fold degeneracy is attributed to the gapless corner
states, we remove a site located at each of ends (corners)
and examine its effects on the degeneracy. Figure 3(b)
plots the energy spectra for the four types of the geom-
etry. Clearly, the ground state has 23−p-fold degener-
acy corresponding to the defects of the p ends (corners),
which suggests the emergence of the gapless modes at
the 3 − p corners for 0 ≤ φ . pi/4. Consequently, these
results indicate that the HOTMI state emerges in the re-
gion with γ− = 2pi/3 shown in Fig. 2(a) which exhibits
gapless corner states appearing only in spin excitations.
In the above, by analyzing the effective spin model,
we have elucidated that the system exhibits the bulk-
boundary correspondence of the HOTMI. Let us next
analyze the Hubbard model beyond the framework of this
effective theory.
From weakly to strongly correlated regions.– In re-
sponse to the results of the effective spin model, two ques-
tions arise. “Does the HOTMI emerge in the Hubbard
model even for the finite U/t?” “If so, how the nonin-
teracting HOTI state changes into the HOTMI state by
electron correlations?” In the rest of this work, we ad-
dress these issues by diagonalizing the Hamiltonian (1)
and provide a numerical evidence that the HOTMI is
exhibited in the system as long as U/t 6= 0.
Let us first investigate the bulk properties. In
Fig. 4(a), we plot ground state magnetization Sztot for
the PBC against φ and t/U in the same manner as the
previous case. As for the region with Sztot/NUC = 1/2
[i.e., the region with Sztot = 2 in Fig. 4(a)], it is sug-
gested that the strongly and weakly correlated systems
for 0 ≤ φ . pi/4 are adiabatically connected with
each other. Indeed, the energy gaps of the HOTI sur-
vives against the electron correlations. In Fig. 4(b),
we show the U/t dependence of the charge and spin
gaps for t4/t5 = 0.4. Here, they are defined as
∆c = (ENe+1,Sztot+1/2+ENe−1,Sztot−1/2−2ENe,Sztot)/2 and
∆s = (ENe,Sztot+1 + ENe,Sztot−1 − 2ENe,Sztot)/2, where Ne
and Sztot is the number of electrons and Sztot of the ground
state, respectively [Ne = 3NUC = 12 and Sztot = 2 in
Fig. 4(b)]. Figure 4(b) clearly demonstrates that the
HOTI phase for U/t = 0 is adiabatically connected into
a Mott insulator in which ∆c is of the order of U , that is,
the HOTMI phase observed for the effective spin model.
In Fig. 4(c), we plot the spin-Berry phase in the same
setting shown in Fig. 4(b), which indicates that the topo-
logical character indeed remains invariant. We note that
it is natural to expect the metallic behavior in the bulk
around φ = pi/4 which can be observed for the nonin-
teracting case. However, there is no metallic region in
Fig. 4(a), which is due to a finite size effect, see Sec. S4
of Supplemental Material for more details [66].
Let us next analyze the system under the OBC, and
show that the HOTI phase is transformed into the
HOTMI phase by the infinitesimal interaction. Fig-
ure 4(d) plots ∆c and ∆s with NUC = 6 for t4/t5 = 0.4
as functions of U/t. Here, we set Ne = 18 and Sztot = 1.
This figure shows that the gapless charge excitation is
opened by the infinitesimal interaction U . This behav-
ior is consistent with the energy loss proportional to U
induced by the double occupancy of an isolated site at a
corner. On the other hand, the spin excitations remains
gapless. We note that the behavior of ∆c and ∆s is asso-
ciated with a kind of the Mott insulators exhibited at the
corners, which we call the corner-Mott states. The above
results elucidate the novel bulk-boundary correspondence
whose microscopic origin is the emergence of the corner-
Mott states observed for 0 < U . The bulk-boundary
correspondence arising from electron correlations is pre-
cisely the defining feature of the HOTMI which is shown
in Fig. 1(b).
Before closing, we discuss the extension to three di-
mensions. The topological Mott insulator has originally
been proposed for a three-dimensional system based on
the slave-boson analysis [36]. Its existence beyond this
approach remains significant open question; although re-
cent numerical analysis supports its existence in two di-
mensions [38], the three-dimensional topological Mott in-
sulators have not been established yet. Our results ob-
tained here provide a new approach to solve this signifi-
cant problem. We can do the same analysis for a system
of the pyrochlore lattice whose topology is characterized
by Z4 spin-Berry phase [41]. Our simple numerical cal-
5culations suggest the emergence of HOTMIs in three di-
mensions, which we will discuss elsewhere in details.
Conclusion.– In this paper, we discovered a novel
topological state, a HOTMI which exhibits a striking
bulk-boundary correspondence. Namely, in contrast to
higher-order topological insulators for free-fermions, the
topology of d-dimensional HOTMIs results in the gapless
d−2- or d−3-dimensional boundary states emerging only
in the spin excitation spectrum; the single-particle spec-
trum remains gapped even around these boundaries. Our
exact diagonalization analysis has verified the emergence
of HOTMIs in the Hubbard model on the kagome lat-
tice. Specifically, we have observed that the system pos-
sesses topological properties characterized by the spin-
Berry phase with γ− = 2pi/3. We also observed that elec-
tron correlations open the charge gap around the corner,
while the spin excitations remain gapless. These numer-
ical results demonstrate the above novel bulk-boundary
correspondence of HOTMIs.
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FIG. S1. (a) Band structure for φ = pi/12. The Green and
orange bands represent Sz = 1/2 and −1/2, respectively. (b)
Band gap ∆E between the third and fourth lowest bands as
a function of φ. Gap closing points are indicated by dashed
lines in panel (b).
S1. NONINTERACTING BULK PROPERTIES
In this appendix, we discuss the bulk properties of
the noninteracting HOTI in our models. We note that
the case of spinless fermion system has been studied in
Refs. 41 and 65.
Let us start with investigating the band structure. Fig-
ure S1(a) shows the energy bands for φ = pi/12. Due
to the U(1) spin-rotational symmetry, we can label the
bands with Sz. In Fig. S1(b), we plot the band gap ∆E
between the third and fourth lowest bands as a function
of φ. While the states for 1/2 ≤ t4/t5 ≤ 2 are gap-
less, the magnetic insulators are realized in both regions
t4/t5 < 1/2 and 2 < t4/t5. The sum of Sz over the
the three lowest bands is not vanishing so that the mag-
netization occurs. As formulated in Ref. 65, the system
for t4/t5 < 1/2 exhibits the HOTI phase that supports
the gapless corner states under the OBC.
Next, we compute the spin-Berry phase γ− in the two
limits φ = 0 and pi/2. In the system at φ = 0, the change
of ~θ is equivalent to the unitary transformation so that
the Berry connection is given as
A− = 〈G|U†−dU−|G〉 = idθ1〈n−1 〉 − idθ2〈n−2 〉. (S1)
Using 〈n−1 〉 = 〈n−2 〉 = 1/3, we have γ− = 2pi/3. On the
other hand, γ− for φ = pi/2 is vanishing due to the insen-
sitivity of the Hamiltonian H4kin to ~θ. Because the gap is
finite for t4/t5 < 1/2 and 2 < t4/t5, we can character-
ize the topology of these gapped phases as summarized
in Fig. S1(b).
S2. THIRD-ORDER DEGENERATED
PERTURBATION
In this appendix, we derive the effective Hamiltonian
H
(3)
γ in Eq. (3c) of the main text based on the degen-
erated perturbation theory. Let us first have a general
discussion. We consider a Hamiltonian Htot = H0 + V
with a perturbation V . If the ground state of the unper-
turbed problem (H0 only) is degenerated and it is not
lifted by the first-order and second-order perturbations,
it is valid to diagonalize the effective Hamiltonian with
the third-order perturbation given as
H
(3)
eff = PV P˜
1
(E(0) −H0)2 P˜ V PV P
+ PV P˜
1
E(0) −H0 P˜ V P˜
1
E(0) −H0 P˜ V P, (S2)
where P is the projection operator onto the degenerated
ground state satisfying H0P = E
(0)P , and P˜ = 1− P .
Let us then apply the above formulation to our model.
When one sets H0 = Hint and V = Hkin, the projec-
tion operator P is given by the degenerated ground state
where electrons are completely localized in the entire sys-
tem. Since this projection operator satisfies PHintP = 0
and E(0) = 0, we get
H
(3)
eff = PHkinP˜
1
Hint
P˜HkinP˜
1
Hint
P˜HkinP. (S3)
We note that there are three Hkin’s in Eq. (S3) so that
the specific expression of Eq. (S3) is intrinsically given
by solving the three-site problem.
To get the specific expression of Eq. (S3), we now con-
sider the three-site problem and rewrite its Hamiltonian
as
H = Hkin +Hint, (S4a)
with
Hkin =
3∑
i=1
∑
α=↑,↓
tαc
†
iαci+1α + h.c., (S4b)
Hint =
3∑
i=1
Uni↑ni↓. (S4c)
Here, c†4α = c
†
1α. The ground state multiplet in the un-
perturbed problem is given by
Ψ = (|↑↑↑〉, |↑↑↓〉, |↑↓↑〉, |↓↑↑〉, |↓↓↑〉, |↓↑↓〉, |↑↓↓〉, |↓↓↓〉),
(S5)
where |αβγ〉 = c†1αc†2βc†3γ |0〉 and |0〉 is the vacuum state.
The projection operators are given as P = ΨΨ† and P˜ =
1−P. Since Hkin|↑↑↑〉 = Hkin|↓↓↓〉 = 0, we focus on the
sector of Sz123 = ±1/2, where S123 = S1 + S2 + S3. As
an example, one can show
H(3)eff |↑↑↓〉 =
1
U2
{
2
(
t3↓ − t3↑
) |↑↑↓〉+ 3 (t2↑t↓ − t↑t2↓) |↑↓↑〉
+3
(
t2↑t↓ − t↑t2↓
) |↓↑↑〉} , (S6)
where H(3)eff is the third-order perturbation in the three-
site problem, see Eq. (S3). By using Eq. (S6), we get
2Ψ†H(3)eff Ψ =
1
U2

0
2(t3↓ − t3↑) 3(t2↑t↓ − t↑t2↓) 3(t2↑t↓ − t↑t2↓)
3(t2↑t↓ − t↑t2↓) 2(t3↓ − t3↑) 3(t2↑t↓ − t↑t2↓)
3(t2↑t↓ − t↑t2↓) 3(t2↑t↓ − t↑t2↓) 2(t3↓ − t3↑)
2(t3↑ − t3↓) 3(t2↓t↑ − t↓t2↑) 3(t2↓t↑ − t↓t2↑)
3(t2↓t↑ − t↓t2↑) 2(t3↑ − t3↓) 3(t2↓t↑ − t↓t2↑)
3(t2↓t↑ − t↓t2↑) 3(t2↓t↑ − t↓t2↑) 2(t3↑ − t3↓)
0

.
(S7)
Setting the hopping parameters t↑ = −t↓ = t in the same
form of the main text, we have
Ψ†H(3)eff Ψ =
t3
U2

0
−4 −6 −6
−6 −4 −6
−6 −6 −4
4 6 6
6 4 6
6 6 4
0

. (S8)
The operators related to the angular momentum coupling
S123 is given as follows:
Ψ†Sz123Ψ =
1
2

3
1
1
1
−1
−1
−1
−3

, (S9)
Ψ†S123 · S123Ψ = 1
4

15
7 4 4
4 7 4
4 4 7
7 4 4
4 7 4
4 4 7
15

. (S10)
Then, using Eqs. (S9) and (S10), we get
H(3)eff = J (3)Sz123
(
−3S2123 + 4Sz2123 +
9
4
)
, (S11)
where J (3) = 4t3/U2. This formulation validates Eq. (3c)
of the main text.
 
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FIG. S2. Numerical results for the spin model (3). Energy
spectra E/J(2) as functions of φ. Only four lowest energies
in the subspace specified by Sztot are shown here. The data
are obtained for NUC = 3 × 3 at J(3)/J(2) = 0.1 under the
PBC. The black lines express the energy for Sztot < −1.5 or
5.5 < Sztot.
S3. GAPPED TOPOLOGICAL PHASE IN
EFFECTIVE SPIN MODEL
In this appendix, we provide numerical evidences that
the quantum phase with Sztot = NUC/2 shown in Fig. 2
(a) is gapped. In Fig. S2, we show the φ dependence of
the energy E/J (2) for J (3)/J (2) = 0.1 under the PBC
with NUC = 3× 3. This figure clearly demonstrates that
the ground state with Sztot = NUC/2 = 4.5 exhibited in
0 ≤ φ . pi/4 (pi/4 . φ ≤ pi/2) is adiabatically connected
to the one of the decoupled system at φ = 0 (pi/2). Thus,
one expects that the quantum phase with Sztot = NUC/2
shown in Fig. 2(a) is gapped.
S4. WEAK CORRELATION REGIME AND
FINITE SIZE EFFECT
In this appendix, we discuss the finite size effects on
the results in Fig. 4(a). To investigate it, let us intro-
duce the twisted boundary condition in both x and y
directions. We generate Fig. S3(a) that is the same as
Fig. 4(a) but for ~η = (2pi/3,−2pi/3), where ~η = (ηx, ηy)
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FIG. S3. The same as Figs. (a-c) in the main text but for
~η = (2pi/3,−2pi/3).
is the twisted angles. The figure clearly demonstrates the
emergence of the region Sztot = 1 for the weak correlation
regime, which does not exist in Fig. 4(a). This difference
between the two figures suggests that the system size is
too small to capture the metallic phase that is observed in
the noninteracting system around φ ≈ pi/4. On the other
hand, the values of Sztot for t4/t5 . 1/2 and 2 . t4/t5
shown in both Fig. 4(a) and Fig. S3(a) are consistent
with the result of the gapped noninteracting phases. To
double check that the our conclusion in the main text is
not dependent on ~η, we here include Figs. S3(b) and (c)
under ~η = (2pi/3,−2pi/3) that correspond to Figs. 4(b)
and (c) in the main text. They clearly show the identical
behavior.
